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FDTD Study on the Invisibility Performance
of Two-Dimensional Cylindrical Cloak

With Off-Plane Incidence
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Abstract—In this paper, we derive a theory for the modeling of
3-D cylindrical cloak based on 2-D finite-difference time-domain
method, which is less time consuming andmemory saving. By using
the method, we develop the concept of invisibility angle and in-
vestigate the invisibility performance of the 3-D cylindrical cloak
with 2-D constitutive parameters under off-plane incident waves.
The bistatic radar cross sections as well as the scattered fields are
calculated to evaluate the scatterings, from which the invisibility
performance is observed to get worse with the increase in the inci-
dent angle, while the defined invisibility angle diminishes with the
decrease in the cloak thickness and wavelength. The deterioration
of the invisibility performance is mainly caused by the scatterings
of TM wave defined in the study. The present results point out a
possible way to evaluate the 2-D cloak on 3-D applications.

Index Terms—Cylindrical cloak, finite-difference time-domain
(FDTD), invisibility performance, scatterings.

I. INTRODUCTION

R ECENTLY, the development of transformation optics
[1]–[3] has been making people’s dreams of being invis-

ible become more and more feasible. Based on the invariance
of Maxwell’s equations during the coordinate transformations,
transformation optics can be used to design unique devices
such as invisibility cloaks [4]–[9]. Cylindrical invisibility cloak
is one of the most remarkable cloaks, which has attracted
much attention, both theoretically and experimentally. It was
first theoretically demonstrated by Pendry et al. [1] using a
linear coordinate transformation, where the cloak bends and
guides incident waves smoothly in the cloak region. Although
the object in the cloak can be hidden perfectly, the material is
required to have the permittivity and permeability with spatial
inhomogeneity and anisotropy, which cannot be achieved
by natural materials. Fortunately, with the help of the artifi-
cial metamaterials, the first cylindrical cloak was realized by
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Schurig et al. [4] at microwave frequencies. In their experiment,
the material properties were simplified and only the magnetic
constitutive parameters were required to be spatially inhomo-
geneous and anisotropic, albeit at the cost of some scatterings
from the hidden object. Inspired by such achievement, more
cylindrical cloak works have been done, such as the scattering
of the simplified cylindrical cloak [10], the hiding effect with
different coordinate transformations [11], and the dispersive
properties of the cylindrical cloak [12], [13].
The cylindrical cloak has been modeled by using both ana-

lytical and numerical methods. The analytical methods include
wave scattering theory [14], Fourier-based approach [15], and
wave expansion method [16]. The COMSOL Multiphysics is
a powerful tool for the numerical simulation of the cylindrical
cloak [3], which is based on the finite-element method (FEM).
In contrast to FEM, finite-difference time-domain (FDTD)
method [17]–[19] is based on time-domain analysis, which is
more capable of dealing with electromagnetic issues containing
dispersive, inhomogeneous, and anisotropic medium. As the
FDTD algorithm is directly derived from Maxwell’s equations,
it is more accurate than other numerical methods and has been
successfully applied to the modeling of cylindrical cloak as
well as other types of cloaks [20], [21].
Most of the properties of the cylindrical cloak have been

studied based on 2-D transformations, which means that the ob-
ject can be perfectly hidden only if the incident wave is in the
2-D plane. However, a more important problem of the off-plane
incident wave remains untouched. As the cloaks with 3-D con-
stitutive parameters are unable to be demonstrated in experi-
ments until now, it is urgent to explore the 2-D cloaks with
off-plane incident wave on 3-D applications.
In this study, for the first time, a modeling theory of the 3-D

cylindrical cloak based on 2-D FDTD method is derived. We
have shown that it is less time consuming and memory saving
(than the 3-D FDTD method), and easier to be implemented
using a personal computer. Using this method, we have investi-
gated the invisibility performance of the cloak with 2-D consti-
tutive parameters when the incident wave is off the 2-D plane.
The bistatic radar cross sections (RCS) as well as the scattered
fields have been calculated to evaluate the scatterings of the
object under the cloak. We have investigated the invisibility
performance with different incident-wave configurations, struc-
tures, and wavelengths. We have also compared the numerical
results together with their physical explanations, and the present
results point out a possible way to evaluate the 2-D cloak on 3-D
applications.

0733-8724/$31.00 © 2012 IEEE
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Fig. 1. Geometry of the cylindrical cloak, where the incident wave vector
is in the xz plane with its vertical plane illustrated by the yellow region, while
is the angle between k-direction and -direction, is the angle between
-direction and the magnetic polarization direction, and is the azimuthal

angle in the xy plane for RCS calculations. The symbols and represent
the inner and outer radius of the cloak, respectively.

II. MODELING

Fig. 1 shows the geometry of our cylindrical cloak with
and as inner and outer radius, respectively. The vector
denotes the wave vector of the incident wave, and the

direction and polarization are defined by and , respec-
tively. As the cloak is axisymmetric, we set the incident
wave vector in the xz plane for convenience, without loss
of generality. Therefore, we know from Fig. 1 that is
the angle between k-direction and -direction, while is
the angle between -direction and the magnetic polar-
ization direction, and the yellow region represents the plane
vertical with respect to the vector . The angle is the az-
imuthal angle in the xy plane, which will be useful for the
RCS calculations. Based on the aforementioned definition,
the TM wave and TE wave in the xy plane are modeled by

, and , respectively. For
the modeling of metamaterials, the FDTD grid size should
be less than 1/80 of the wavelength to keep the simulation
stable and converge [21]. In the 3-D cylindrical cloak mod-
eling, the required system resources are beyond the capability
of any single personal computer [22]. In our opinion, the 3-D
modeling is not necessary due to the invariance of the cylin-
drical cloak’s parameters in the z-direction and the 2-D mod-
eling can be used as an alternative method to save memory
and time due to the components’ unit length in the z-direc-
tion. Let , where
and . According to the theory that the tangen-
tial wave vectors are continuous at the interface of different
media, the scattering electric component can be written as

, and hence,
. This is

the key to reduce the 3-D modeling to 2-D modeling, and we
have derived our 2-D FDTD formula in the following section.
In this paper, we have studied the cloak generated by a linear

coordinate transformation, and the full set of electromagnetic

parameters are [4]
,

which we have termed as the 3-D constitutive parameters. In
the 2-D case, objects can be hidden under the TM wave or TE
wave as long as an ideal cloak is providedwith 2-D TM constitu-
tive parameters

or
2-D TE constitutive parameters

, respectively. Even the simplest 2-D TM (or
TE) constitutive parameters are hard to be achieved in exper-
iment, which brings the use of the simplified TM constitutive
parameters

or simplified
TE constitutive parameters [4], or even the simplified constitu-
tive parameters based on quadratic transformations to reduce the
scatterings [23], [24]. In experiment, these parameters may be
realized by metamaterials [4] or photonic crystals [25], which
are beyond the scope of this study.
The FDTD method starts from the two-curl Maxwell’s equa-

tions, which are

(1)

as well as the constitutive relations ,
where , and are the electric field, magnetic field,
electric flux density, and magnetic flux density, respectively.
From the coordinate transformations, we know that and
are the second-order tensors that can be expressed as, taking
for instance,

, and
with other components being zero, where , and have
been defined earlier and is the azimuthal angle. Notice from
the 3-D constitutive parameters defined earlier that and
are always less than unity so that a dispersionmodel (e.g., Drude
model) should be applied, which can be given as, taking for
instance [20]

(2)

where and are plasma and collision frequencies of the
material for , and we use , and as the plasma
frequencies for , and , respectively. As and are
always greater than unity, the dispersion model is not needed.
Also, the modeling of and depends on their values. The
principle is the same when modeling with the 2-D TM (TE)
constitutive parameters, i.e., the Drude model is needed as long
as the component of or is less than unity.
After substituting in (1), to-

gether with some auxiliary components, as

(3)
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we have

(4)

Notice that in the derivation of (4), we have used the normal-
ization [18] of and to alter
the electric and magnetic field into the same order of magnitude
in order to make the FDTD simulation more accurate, and then
replaced and with and in writing (4). It is easy to
discretize (4) to get the FDTD updating equations; however, we
have not listed them here to save space.
Subsequently, we have substituted the expressions of and

together with the constitutive relations and
into (3) to obtain the key equations for the cloak modeling after
some derivations, as follows:

(5a)

(5b)

To solve (5a) and (5b), we have separated them into two groups.
Let us first consider (5a). With regard to the expressions of ,
etc., as well as by applying the auxiliary differential equation
method [18] , (5a) can be simplified as shown in
(6a) at the bottom of the page, where the coefficients are defined
in Table I as follows:

The modeling procedure of and is the same as that of
and , which can be derived from (5b), and the updating

equations are given as shown in (6b) at the bottom of the page,
where the coefficients are defined in Table II as follows:

Now, let us discuss the modeling of and from
and , where and can be either

greater or less than unity, depending on the location in the cloak.
The modeling procedure of is the same as that of . In the
case of is directly obtained by .
For , the Drude model is applied as that of (2), and

(6a)

(6b)
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TABLE I
COEFFICIENTS DEFINED IN (6A)

TABLE II
COEFFICIENTS DEFINED IN (6B)

we have (7), shown at the bottom of the page. Here, the su-
perscripts n and represent the discrete time step. Therefore,
the cloak can be modeled by two steps: first, by updating the

auxiliary components as (4), and then by updating the elec-
tric and magnetic components as (6a)–(6b) and (7). If we set

which means the in-plane incidence, our FDTD
updating equations are consistent with the 2-D FDTD equations
obtained in [21].

III. RESULTS AND DISCUSSIONS

In this section, we apply the theory developed in the previous
section to our FDTD calculations by home-generated codes [26]
and study the invisibility performance of the cloak with different
incident configurations and structures. To evaluate the cloaking
performance, the scattering effect of the hidden objects needs to
be calculated, which is usually represented by the bistatic RCS
defined as follows [18]:

dB (8)

where is the power scattered per unit angle in direction
(ranging from 0 to 360 ) and is the incident power

per unit length. By using the total field/scattered field (TF/SF)
method [18], the information of the scattered field can be ex-
tracted, which is the basis for the near-to-far-field transforma-
tion. Then, the information of the far-field as well as the RCS
results can be obtained.
In the following simulations, we have chosen an incident

plane wave with amplitude of unity propagating from - to
-direction (in the 2-D projected coordinate), which can be

easily realized by the TF/SF method. The interior surface of the
cloak is coated with perfect electromagnetic conductor (PEMC)
to exclude both TE and TM incident waves, as we need to deal
with incident waves of any angle and polarization. It is in con-
trast with the choice made in the other works [10]–[13], [20],
[21], where the region of is filled with perfect electric
conductor because they only deal with an incident TM wave.
The cell size was chosen as for the case
of m and 0.05 m, while for the case of

m since a thinner cloak. In all the calculations,
, where c is the speed of light in free space, and

20 000 time steps calculations were performed. Since we did not
focus on the losses in this study, was set to be 0 for simplicity.

A. Invisibility Performance on the Incident Polarization

We first investigated the invisibility performance with dif-
ferent incident polarizations. The incident angle was fixed at
0 , which means the incident wave is in the xy plane. We chose
the 2-D TM constitutive parameters with structure parameters as
follows: m, m, and m.
We tested the invisibility performance on the incident polariza-
tions by changing .

(7)
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Fig. 2. (a) field with m, m, . (b) Same as that of (a), but the cloak is removed. (c) field with m,
m, . (d) Same as that of (a), but . (e) and (f) fields with m, m, and ,

respectively. In all the cases, the incident wavelength is fixed at 0.1 m with amplitude of unity and 2-D TM constitutive parameters are chosen. Notice that the
TF/SF method is used so that the scattered fields can be seen directly outside the rectangular frame.

It is obvious that the TM wave is bent and guided
around the cloak region perfectly, which can be seen in Fig. 2(a)
as the field of component, where the two white circles repre-
sent the inner and outer radius of the cloak. Note that the TF/SF
method is used and the scattered fields can be seen directly as the
fields outside the rectangular frame in Fig. 2. The corresponding
RCS is given by the black curve in Fig. 3(a), where the residual
RCS is attributed to the numerical error from the discretization
ofMaxwell’s equations, since the RCS should be infinitely small
owing to the lack of scatterings from the ideal cloak. We also
calculated the case of the real scatterings in which the structures
were the same as those presented in Fig. 2(a), except the removal
of the cloak, and the field pattern is presented in Fig. 2(b), with
its RCS results illustrated by the red-dashed curve in Fig. 3(b).
By comparing the black curve and red-dashed curve, it can be
noted that an RCS reduction of about 20 dB (evenmore for some
other directions) is achieved by the ideal cloak. The numerical
errors are relatively small that will not affect the validity of our
calculations.
Considering the invisibility performance of the cloak as a

function of , we found that the invisibility performance be-
comes worse with increasing . The corresponding RCS results
are given in Fig. 3(a) by the red , blue ,
and green curves. In the case of , as shown

in Fig. 2(c), in the field, no cloaking effect is found. How-
ever, in the same case, the field is identical to that shown
in Fig. 2(a) and can be explained as follows. With the 2-D TM
constitutive parameters, objects can be perfectly hidden under
TM incident wave , because impedance matching oc-
curs everywhere in the xy plane. However, for the TE incident
wave , there is no cloaking effect, where, in other
words, the cloak just means air and there is large scatterings
from the PEMC because of the impedance mismatch at the sur-
face of the PEMC. An incident wave in the xy plane can be de-
composed into TE and TM waves, and the greater the value of
, the stronger the TE component wave, and hence, the invisi-
bility performance gets worse with the increase in .
To summarize the RCS results in this section, we plotted the

forward RCS as a function of , as shown in Fig. 4(a),
which were chosen as a criterion of the invisibility performance.
The invisibility performance became worse with the increase
in .

B. Invisibility Performance on the Incident Angle and
Structure

In this section, we have investigated the invisibility perfor-
mance of the cloak as a function of the incident angle. We chose
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Fig. 3. RCS results under different incident configurations and structures,
which are (a) m, m, and . (b) m,

m, and . (c) m, m, and .
(d) m, m, and . In all the cases, the wavelength
is fixed at 0.1 m and 2-D TM constitutive parameters are chosen.

Fig. 4. Forward RCS results with different incident configurations
and structures, which are (a) m, m, , and

m. (b) m and , while and the
wavelength are indicated in the figure. In all the cases, the 2-D TM constitutive
parameters are chosen.

three different cloak structures and fixed at 0 for the opti-
mized invisibility performance based on our previous discus-
sion. Structure 1 has m, m,
m, and the 2-D TM constitutive parameters similar to those

presented in the previous section. Fig. 2(a) also shows the
field for the case of . We tested the invisibility perfor-
mance by changing , where the incident wave was off the plane
and the cloaking effect was not perfect. In Fig. 3(b), the RCS
of , and are illustrated by yellow, blue, and
green curves, respectively. The invisibility performance became
worse with the increase in .
The physical essence can be understood from Fig. 1. As the

incident wave vector is in the xz plane and , the inci-
dent wave can be regarded as a TM wave in the ky plane. It
can be decomposed as two waves propagating in the - and
-directions, respectively, or more generally, two TM waves

named TM and TM in the xy and yz planes, respectively.
From the discussion presented in the previous section, it can
be noted that objects are perfectly hidden under TM wave,
whereas no cloaking effect occurs under TM wave. The latter
conclusion comes from the fact that the TM wave in the yz
plane considers the cloak and PEMC as scatterers because we
have under our 2-D TM constitutive parame-
ters. However, we must clarify that unlike the TE wave men-
tioned earlier, here, we have in the cloak region, and
hence, we cannot regard the cloak as air under the TM wave,
but only as some scatterers, which means, in other words, that
the structure is not just a PEMC for the TM wave. However,
the TM wave is still the only reason for the deterioration of the
invisibility performance with the increase in .



ZHANG et al.: FDTD STUDY ON THE INVISIBILITY PERFORMANCE 1841

Then, we investigated the case of Structure 2with inner radius
of the cloak m and other parameters remaining the
same, corresponding to a thinner cloak. In this case, the fields
with and are given in Fig. 2(e) and (f), and the
corresponding RCS results are given in Fig. 3(c). On comparing
Fig. 2(f) with (d), or Fig. 3(c) with Fig. 3(b), one can conclude
that a better invisibility performance is obtained with a thicker
cloak for the same incident wave (angle and polarization) and
outer cloak radius. This can be explained as follows. We had
clarified that when , there are scatterings caused by the
TM wave; hence, under the same outer radius and wave-
length, larger PEMC may cause larger scat-
terings, together with worse invisibility performance. The afore-
mentioned explanations can be further supported by testing a
thicker cloak with better invisibility performance named Struc-
ture 3 with m and other parameters remaining the
same, with the corresponding RCS results given in Fig. 3(d). To
summarize, we plotted the forward RCS as a function
of the incident angle , as shown in Fig. 4(b).
Here, for the first time, we have introduced the concept of in-

visibility angle to evaluate the cloaking performance. The for-
ward RCS with incident wave on the xy plane
has been taken as a criterion and we have defined an incident
angle as the invisibility angle, if the forward RCS is 10 dB
higher than the criterion. From the RCS definition in (8), it can
be noted that the RCS depends on the intensity of the scat-
tered field, which indicates that under our defined invisibility
angle , the intensity of the forward scattered field is one order
greater than that of the criterial case . By applying the
definition to Fig. 4, one can find that the invisibility angle of
the three cases ( , and 0.08 m) are about 22 ,
10 , and 6 , respectively, which again supports our conclusion
that thicker cloak has larger invisibility angle. With the same
principle, it can be found from Fig. 4(a) that the invisibility po-
larization angle (at which the forward RCS is 10 dB higher
than that with when is fixed at 0 ) of the structure is
about 5 .
At the end of this section, we have presented a discussion on

the polarization angle . In the case of both and greater
than 0 , the incident wave can be decomposed as a TE and a
TM wave in the ky plane. Moreover, the two waves can be de-
composed as TE and TM wave in the xy plane as well as TE
and TM wave in the yz plane. Thus, the scatterings in this case
are from the TE , TE , and TM waves, where the invisibility
performance may be even worse.

C. Invisibility Performance on the Wavelength

We now varied the wavelength from 0.1 to 0.05 m with other
parameters remaining the same for Structure 1, where

m and m. The corresponding forward RCS re-
sults toward incident angle are given by the green curve in
Fig. 4(b). When compared with the red curve, it can be observed
that as the wavelength decreases from 0.1 to 0.05 m, the invisi-
bility angle dramatically drops from 10 to 4 . This is because
the same PEMC causes larger scatterings under the TM wave
with smaller wavelength.
At the end of Section III, we give a comparison of our FDTD

results with those obtained by other literatures to validate our

proposed formula and results. On one side, the field patterns
by our FDTD code [e.g., Fig. 2(a), (c), and (e)] are consistent
with the results obtained by other FDTD codes [12], [21], FEM
method [23], and analytical method [16]. On the other side, our
RCS result without cloak [red-dashed line in Fig. 3(c)] is nearly
the same as that in [10], and although with different calculation
parameters, our RCS results with cloak are comparable with
those obtained by another literature [10], [11], [20], since both
RCS possess many maximums and minimums.

IV. CONCLUSION

In summary, we have derived a theory for the modeling of
the 3-D cylindrical cloak based on 2-D FDTD method, which
is less time consuming, memory saving, and easy to be imple-
mented by personal computer, when compared with the 3-D
modeling. Themethod has been applied to investigate the invisi-
bility performance of the cloak with 2-D constitutive parameters
toward polarization, incident angle, structure, and wavelength.
The bistatic RCS as well as the scattered fields have been calcu-
lated to evaluate the scatterings of the PEMC under the cloak,
from which the invisibility performance has been found to get
worse with the increase in the incident angle, while the defined
invisibility angle has been found to diminish with the decrease
in the cloak thickness and wavelength. The physical reason for
these conclusions lies in the scatterings from the PEMC under
the TM wave. The present results point out a possible way to
evaluate the 2-D cloak on 3-D applications.
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